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Modified r-Method for the Finite Element Adaptive
Analysis of Plane Elastic Problems

Hyung-Seok Oh* and Jang-Keun Lim™**
(Received August 25, 1995)

The nodal relocation method (r-method) is used to uniformly distribute element discretiza-

tion errors over an analytic model and improve the solution quality. When this r-method is

performed with Zienkiewicz-Zhu’s error estimator, its converged solution can not be easily

obtained without many iterative calculations. Further, this method also may deteriorate solution

quality because of serious element distortion. This paper suggests a new error estimator which

can evaluate the size and the distortion error of an isoparametric element separately and

proposes a modified r-method based on this error estimator. Various numerical experiments

show that the proposed error estimator properly evaluates the element discretization errors and

the modified r-method can be easily applied to the practical unalysis owing to the comparatively

fast convergent characteristics.

Key Words : Adaptive Analysis, Error Estimate, Nodal Relocation Method (r-method), Size
Error, Distortion Error, Finite Element Method

1. Introduction

The finite element method, being used with ease
and giving comparatively correct results, has
become an important tool for the analysis and
design of engineering problems. It has long been
realized, however, that the quality of finite ele-
ment solutions greatly depends on the element
discretization methods.

For this reason, many authors (Babuska et al.,
1986; Lee and Bathe, 1993; Zienkiewicz and Zhu,
1987) have concentrated their efforts on the evalu-
ation of the element discretization error. Espe-
cially, Zienkiewicz-Zhu’s error estimator (Zien-
kiewicz and Taylor, 1989; Zienkiewicz and Zhu,
1987) for the elliptic type problems has received a
lot of :nterest. It estimates the discretization error
of finite elements through comparing the finite
element stress solution with a modified continu-
ous stress solution.
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The nodal relocation method (Diaz et al., 1983;
Kikuchi, 1986; Martinez and Samartin, 1991;
McNeice and Marcal, 1973; Noor and Babuska,
1987: Shephard et al., 198(); Turche, 1976: Turche
and McNeice, 1974) is a scheme that distributes
equally the discretizing error over all elements
within a given domain, by moving the nodal
coordinates, thus, it is possible to generate an
optimal mesh with a fixed degree-of-freedom. In
the 1970s. some optimization techniques were
commonly applied in the r-method in order to
find an optimal mesh. At that time, it was
assumed that each finite element had to share an
equal amount of strain energy for linear elastic
problems. In 1983, a new iterattve method was
suggested by R. Diaz et al. using a smoothing
scheme. This method was very simple and worked
reasonably well for static problems. However, this
method had the disadvantage of increasing the
amount of calculation due to many iteration
numbers. These would be the main reason why h
- and p-methods are today more popular than the
r-method, although these methods rapidly
increase the total degrees-of-freedom. However,
if the iteration numbers can be reduced enough as
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to apply to practical problems, the r-method

would be as popular as an adaptive refinement

strategy.
On the other hand, severely distorted elements

are often generated in the application of the r
-method based on Zienkiewicz-Zhu's error or
strain energy. The construction of these distorted
elements is mainly due to the changes of nodal
coordinates and leads to poor approximation of
the finite element solution. Therefore, it is neces-
sary to control the element shape during the
relocation of nodes.

In the finite element approximations, the size
and the shape of an element are the most signifi-
cant factors which affect to the solutions. Gener-
ally, the discretizing error can be defined with the
size and the shape distortion error of an element.
Zienkiewicz-Zhu’s error estimator is also capable
of evaluating the discretizing error as single stress
error. However, in order to control element shape
in the r-method with Zienkiewicz-Zhu's error
estimator, it has to be separated into the size and
the distortion errors.

This paper proposes a method which separates
Zienkiewicz-Zhu's error into the size and the
distortion errors for a 2D 4-node isoparametric
element. A modified r-method, which can be used
to find a near-optimal finite element mesh and to
reduce greatly the computational time, is also
presented using the error estimator.

2. Definition of Discretizing Error

In order to see how to separate Zienkiewicz
~-Zhu’s error into the size and the distortion error
for the 2D 4-node isoparametric finite element, let
us recall some of the essential features of the well
~known isoparametric and quadrilateral ele-
ments.

2.1 Isoparametric and quadrilateral
ments

ele-

2.1.1 Isoparametric element (Cook et al,

1989)
In the isoparametric element shown in Fig. 1,
the shape functions can be expressed as

1491

e — X

(a) Global coordinate system

(b) Local coordinate system
Fig. 1 4-node isoparametric element and its coordinate
systems

}(HEO) A+, i=1. 4

where

(1)

o~

Go=E&E, and =77,

and the stiffness matrix is
K'= f (SN')TDSN'dQ
2

- [ (B")'DB'dS (2)

In the above equations, the superscript I and
(&5, 7;) represent the isoparametric element and
the coordinates of node i in the local coordinate
system, respectively; 8. B and D in Eq. (2) are the
partial differential operator matrix, the strain
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matrix and the elastic constant matrix, respective-
ly.
2.1.2 Quadrilateral element (Zienkiewicz
and Taylor, 1989)
In the quadrilateral element shown in Fig. 2,
the displacement fields can be assumed with
unknown constants ¢, (;=1, 2, ---, 7, 8) as

uU=a+ axx+ azy+ axy
v=as+ asx + a;y + asxy, or

u=Xa (3)
Substituting nodal coordinates into Eq. (3),
4=Ca (4)
we can obtain the constant vector as
a=Gd (5)
where
G=C"!

In Egs. (4) and (5), 4 is the nodal displace-
ment vector, i. e, d=[u, v uz v2 us Vs wa va]”,
and C is the constant matrix which is expressed
as nodal coordinates. Simple manipulation of
Egs. (3) and (5), then, leads to the shape func-
tions as

u=XG4=N°4 (6)
where
3
4
y 2
1
- X

Fig. 2 4-node quadrilateral element

NE=Gi+ Gox + Gaiy+ Gaxy
and the stiffness matrix of a quadrilateral element
can be written as

K= A (SN "DSN?GQ
= [ (B9 DB 0 7

In the above Eqgs. (6) and (7), the superscript
Q denotes the quadrilateral element and other
notations are defined in Eq. (2).

2.2 Zienkiewicz-Zhu’s error estimator
Zienkiewicz-Zhu’s stress error can be expressed
as
e;=0—8 (&)
where ¢ is the exact stress vector and @& 1is the
approximated stress vector over an element. Using
this stress error, the stress error norm is computed
as

I ex 1= [ (e5) "D " esd ©)

where @ is the area of an element.

Zienkiewicz and Zhu approximate the exact
stress vector in Eq. (8) through the nodal averag-
ing process as follows:

o=0c*=N&*%
=L $v(Dsn) 4

T om&E

(10a)
(10b)

g
where m is the number of elements surrounding
node i; 52 and A are the average stress vector of
node i and the nodal displacement vector of
element ¢, respectively.

2.3 Size error and distortion error of an
element
In the finite element method based on the
displacement, the local element displacements at
any point of the 4-node isoparametric element
can be assumed in the local coordinate system
shown in Fig. 1 as

u=n+rttrnygtniy (11)
v=rst &+ 719+ 788y
where y,-y3 are unknown constants. Therefore,
the displacement fields of the quadrilateral ele-
ment in Eq. (3) differ from those of an isopar-
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ametric element depending on the shape of the
element as illustrated below.

The geometric interpolations of an isopar-
ametric element are defined by

x=amt+aé+antady

(12
y=P%+ BE+ B+ Ban )
where
afl:ji—(x1+xg+x3+x4)
(lz:”}l—(—x1+,\‘2+)€3*9€4)
03:%(*,\'1‘X2+X3+.”C4)
a4=%(x1—xz+x3—x4)
[ﬂ:'}l*<y1+y2+y3+y4)
Bz:—}((—~y1+yz+ya—y4)
/93:%( —Vi— Yot Vst y4)
o
-2 4
4
\ ___‘T__w‘
y
I B : ' 2
- oy
v
- X
(a) s=au=0, B=p:=0
\ ,1
o 1!
\ | i
\W |
y N | |
D L
T |
| \
L o x

(©) =0, B=F=0

Fig. 3

ﬁ4:%(y1*yz+ysvy4)

and the physical meanings of coefficients are
shown in Fig. 3.

Substituting Eq. (12) to Eq. (3), the displace-
ment u of the quadrilateral element can be seen
as :

u= (a1 + ase + @+ asa fi) + {azae+ asP2

+as(enfot @f) }EHaaw+ asfs
+aaBs+ asB) } o+ lwat asPa

+ as{ @ fat B+ asBot au ) 1€y

+ o BE2+ asan Part + as (@ fBe

+ @) E¥n+ aiasfat au ) &yt
+a4a'454$2772 (13)

From Eq. (13) and Fig. 3, the coefficients g,
@, . and [, become zero in the rectangular
element shown in Fig. 3(a). In this case, the
transformation between the mapping coordinate
system and the global coordinate system can be

(d) &= a0, /92:0

Physical meaning of the ¢ and 7 coefficients
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performed exactly. However, depending on the
shape (be it a paraltelogram or an arbitrary
shape), some of the terms £2, 7%, £%p, &7° and £°
% can not be equal to zero as shown in Fig. 3(b)
~ (d). As a result, Eq. (13) differs from Eq. (11)
and this causes certain error (i.e., mapping error).
Therefore, we can define the discretizing error as
the sum of the size and the distortion error, as
given below :

The size error
e,=0*—6%=0*— DB
xg*—- DB (14)

and
The distortion error

es=6'—6'=DB%—-DB'u
=D(B°-B)Hu' (15)
From Eqs. (14) and (15). the error energy
norms corresponding to each error are given by

| e }]2:/;(6/,) "D lend (16)

Il es \Izzf(es) "D esds? and (17)
2

Lecl=1e|+le| (18)

where || ¢, | represents the total error energy norm
in an element due to the discretization of the
domain. With these norms, it is possible to esti-
mate the discretizing error over each element. It is
noted that the size and the distortion error in Egs.
(14) and (135) are related to Zienkiewicz-Zhu’s
error as follows:

es=0"- 61
=(6" =69 +(6~6")
=enTt e (19)
les =l estesl <] e+ esll
= e H (20)

3. Node Relocation Method
(r-method)

In the previous section. we discussed several
error norms and derived the size and the distor-
tion error norms. In this section, we will present
how these norms can be applied to find an opti-
mal mesh with a given initial mesh. In Sec. 3. 1,
we will focus on the rearrangement of nodal

position in order to control element area. In Sec.
3.2, a modified r-method will be presented in
order to reduce the computational time. At the
end of this section, the complete modified r
-method procedure will be shown.

3.1 Existing r-method

The mesh can be called optimal if all elements
in the domain share an equal magnitude of error.
Either Zienkiewicz-Zhu’s error norm or the total
error energy norm suggested in this paper may
become a reasonable basis of the r-method. For
the sake of convenience, we will discuss the ele-
ment size redistribution strategy based on the
total error energy norm.

In order to control the size of an element, we
introduce the rearrangement index £, of the ele-
ment as

So= ” €; Na/“ e, H(w (21a)

el { S et/ 2]

where | e, [l.x and | e; . respectively, are the

(21b)

average error energy norm over the domain and
the total error energy norm of element e in Eq.
(18): E represents the total number of elements.
Therefore, the element for which £, is larger than
1 should be adjusted to become smaller in size by
moving its nodal coordinates, and vice versa. At
these points, the relocation of nodes can be per-
formed as shown in Fig. 4.

In the case of an inner node shown in Fig. 4
(a). the modification of the nodal coordinates is

given by ;
(xs i)
e & vl el mé'L £ ,§£ 2
()Zl{(xeq Fe) Ae}/gl{lqg} (22)

where ¥, v, and A, are the coordinates at the
center and the area of element e respectively.
Also, m represents the number of elements sur-
rounding the node i. For the node on the bound-
ary shown in Fig. 4(b), we introduce linear
interpolation functions to be moved along the
boundary as;

(e 1) = 2ol (30 3) (23a)

A =5 0=n). £lz) :%mn) (23b)
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] ]
| | I

(a) Node inside the domain

——

1~4 : Element number
i i |
i | |

1
{b) Node on the boundary of the domain

Fig. 4 Nodes connected with elements of the domain

where ¥; and 7, are the center coordinates of an
element side on the boundary of the domain.

The optimal mesh can be obtained by repeated-
ly applying Egs. (22) and (23a) to each node
with rearrangement indices obtained from finite
element analysis, until the following convergence
criteria are satisfied.

For the convergence criteria, we consider two
kinds of items (i. e.. the rearrangement index and
displacement); convergence is indicated if

A8l (24a)
UBIN 5 Uik (24b)
where
3 - / 1
(/,»’:—'(GZJ 1~'E(>|)/ E (24c)

In Eq. (24), the superscript £ and k41 ave the
iteration numbers; (/. represents the average
deviation of rearrangement indices; ypqx is the
maximum nodal displacement of the domain. By
the definition of /; in Eq. (24c¢), it is said that the

closer ¢/, is to the zero, the nearer a mesh is to the
optimal mesh. At this point, it is possible to
prevent an excessively distorted shape or large
aspect ratio of an element by choosing the dis-
placement criterion.

3.2 Modified r-method

In the r-method discussed in Sec. 3.1. an itet-
ative scheme. which is called the 1st loop in this
section. should be adopted to obtain the optimal
mesh. In other words, the finite element analysis
must be performed at every iteration step for the
error estimation, since all elements in the domain
were regenerated by modifying nodal coordinates.
As a result, much of total computation time is
usually consumed for the error estimate; the more
total degrees-of-treedom, the more time for calcu-
lation. This may cause some difficulties when
applying the r-method to practical and large
problems. However, the computational time can
be effectively reduced by modifying the r-method.

The basic idea is to evaluate rearrangement
indices approximately without finite element com-
putations. Then, with these approximated indices,
nodal coordinates are modified by Egs. (22) and
(23). Thus. the total computation time, needed in
the r-method, can be greatly reduced by repeated-
ly applying this process to all nodes in the
domain, until certain convergence criteria are
satisfied. To distinguish this iterative scheme from
the st loop. we call this the 2nd loop in this
section (See Fig. 5). We will discuss how to
approximate the rearrangement index below.

Assuming that the discretizing error is propor-
tional to the element area (Zienkiewicz and
Taylor, 1989) at the k'™ iteration in the 1st loop,
the rearrangement index of the element, newly
regenerated by modifying its nodal coordinates,
can be approximated by

oo AT 3
S fA'.iTh S (25)

where the superscript j in Eq. (25) is the number
of iterations in the 2nd loop. It is noted that the
rearrangement index of each element can be
evaluated only with the variation of area approxi-
mately. This means that the error estimation
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discussed in Sec. 2 is not necessary and, thus, the
finite element analysis is not required any more
for the error estimation.

Excessive applications of this process, however,
may often generate severely distorted elements
due to the approximation of rearrangement in-
dices. So, we employ the following criteria based
on the distortion error, given in Eq. (15). in the
2nd loop:

i
di

where ¢ and N, are a constant and the maxi-
max

=g or /.;:A'\'Ymnx (26)

mum allowable number of iterations in the 2nd
¢=1.1~1.2 and J\'mux 5~7.
respectively ; the superscripts k, j are the numbers

loop. usually
of iterations in the st and the 2nd loops respec-
tively ; ¢/, 1s the average deviation of the distor-
tion error, which is defined by

£

do-(gna)/E (27
where

E:j {J Cs H('// (“ €y ”() ar

e.>D(BY- B {u'}"
und

| e, li= / (€D edQ at (& 5) = (0,
0)

In Eq. (27), (] es||e) a0 Is the average value of || ¢,
| for all elements in the domain; strain matrices
R’ and B? are updated with modified nodal

Finite Element Analysis
‘Estimation of Discretizing r-method
R Error, eq. (21a)

Relocation of Nodes,
egs. (22).(23a)

Approximate Estimation of
Discretizing Error, eq. |
I'The 2nd [.cop

The st Loop "Estunation of Distortion

Error, eq. {

Convergence N
Check (2nd Loop). e
eq. (26}
[ Yes
No .- Convergence
Check (1t Loop),
. eq.(24)

L Yes

ﬂi Stop ::’

Fig. 5 Computational flow for the moditied r-method

coordinates. but {y’}*, which was obtained in the
1st loop, remains constant. It is noted that the
distortion error norm | e, ||, of an element is
evaluated at the center point of the element in the
local coordinate system. The whole procedure is
shown in Fig. 5.

4. Numerical Examples
We now choose a series of test examples to

demonstrate the effect of element shape on the
discretizing error and the performance of the

- -

oy
- Ll -
Fig. 6 Cantilever beam discretized with distorted cle-
ments {L/H ~8)
Table 1 Comparison with proposed error norms

and Zienkiewicz- Zhu’s error norm accord-
ing to element distortion
(a) w- 0.0

Element Number

| 2 3 4 N 6 7 8

on {17() 1.59 1.35 1.12 088 0.65 0.44 0.27
g ]0.00 000 0.00 000 0.00 000 0.00 0.00
¢ 1170 159 135 1.12 0.88 0.65 044 027
¢, |1.70 1.59 1.35 1.12 0.88 0.65 0.44 0.27

(b)y w=02

e o

1 7 Element Number

1'1 > 3 4 s 6 7 8

1.07 1.04 0.86 0.71 0.55 0.40 0.26 0.16
¢y 059 063 053 043 034 0.24 0.14 0.04
¢ [ 1.65 1.67 1.39 1.14 0.89 0.65 04! 0.20
[ LI'()Q 1.67 1.34 1.10 0.87 0.64 043 0.27

I 2 3 4 s 6 7 8

S 1.02 098 0.66 0.54 0.42 0.30 0.20 0.12
G 1.09 0.71 0.59 048 0.38 0.27 0.l16 0.07
< ‘ 211 1.69 1.25 1.03 0.80 0.57 036 0.19
[ 124()8 2,15 1.09 0.89 0.70 0.52 0.36 0.22
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modified r-method.

Figure 6 shows a cantilever beam under uni-
form pressure at the right end. We introduce a
parameter w in order to illustrate only the effects
of element shape. For each value of w, the area of
an element is not changed, but only the shape of
each element is changed.

The comparison of the discretizing error norms,
which were separated into the size error and the
distortion error in this paper, with Zienkiewicz
-Zhu’s error norm is given in Table |. In Table I,

ons §s» ¢ and g, are defined as

sn=l eI/l e flavr gs=1 €5 /] e lavs
Ql;“ € ”/H €; H(w and
92:” €r H/” €q ”av (28)

where || e; |lqo and || e |0 are average values for
the total error energy norms and Zienkiewicz
-Zhus error norms of all elements in the analysis
domain.

In the case of rectangular elements (w=0.0) in
Table I (a), the distortion error is zero so that the

(a) Initial mesh

Fig. 7

(b) Converged mesh
with r-method

(¢) Converged mesh with
modified r-method

Initial and two converged meshes for the plate with a hole(a,/r--20)

(a) Initial mesh

(b) r-method

Fig. 8

(¢) Modified r-method

Zienkiewicz-Zhu’s error distributions of 3 kinds of meshes for the plate with a hole
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Table 2 Numerical results of r- and modified r-methods for the plate with a hole

7 o 7 ) [nitial mesh r-method Modified r-method
Iteration Number - 10 3
CPU Time (sec.) - 4.72 2.03
ds 1.19 0.52 0.59

total error energy norm and Zienkiewicz-Zhu's
error norm are exactly the same. As the shape,
however, of the element is distorted the distortion
error increases. The total error norms which are
defined by the addition of the size and the distor-
tion error norms show similar distribution char-
acteristics to Zienkiewicz-Zhu's error norms.
Therefore, in this example, we can conclude the
effects of element shape can be reasonably esti-
mated with these distortion error norms.

In addition, it is noted that the distortion error
is dependent on where the element is located in
the domain. In the case of Table [ (a) or (b), all
elements have a different distortion error norm,
though these elements have the same distorted
shapes. This is because the distortion error in this
paper is based on the stress error.

The second example is the 2-D plate with a
circular hole. Fig. 7 shows three kinds of meshes
for this problem: Fig. 7(a) is the initial mesh and
Figs. 7(b) (c), respectively, are the meshes which
are obtained by the r-method and the modified r
-method. These two converged meshes have simi-
lar characteristics of discretization; much larger

elements are regenerated along an outer bound-

5 4-
3
e
= 3. t _ ; e
2 o ‘ 1
A4 -
& ) — - r-method
E |
g
g ! modified
S -
e ; r-mcthod
L%
. ¥ i
L5 04 - I .
[

Iteration Number

Fig. @  Convergence of stress concentration factor for the
plate with a hole

ary, whereas smaller elements are regenerated
near the hole due to stress concentration. Zienki-
ewicz-Zhu’s error norms for each mesh are also
shown in Fig. 8. In the initial mesh, the most high
error norms are concentrated near the hole.
However, by relocating the nodal coordinates, the
distribution of these error norms is improved (i.
e., initially higher error norms near the hole are

rapidly reduced.). The numerical results are given

(¢} Converged mesh with modified r-method
Fig. 10 lnitial and two converged meshes of a L-shaped

plute
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Errer

(h) r-method

(¢) Modified r-method

Fig. 11 Zienkiewicz-Zhu's error distributions for 3 kinds

of meshes from the I.-shaped plate

i

clamped

_—

FEE o VY'Y

(b) Converged mesh with r-method

)

-
b
i

7 LA CUNEAD Ao

(¢) Converged mesh with modified r-method

Fig. 12 Initial and two converged meshes of a lug

in Table 2 where ¢, is the average deviation for

the distribution of Zienkiewicz-Zhu's error
norms; iteration numbers are counted in the st
loop; CPU time based on IBM PC (Pentium
-90Hz) is also given. Fig. 9 shows the stress

concentration factors at the hole, and it also

) Frmr‘

)

S
b

(a) Inttial mesh

(b} r-method

tcy Modilied - method
Fig. 13 Zienkiewicz-Zhu's error distributions for 3 kinds
of meshes from the lug

(¢) Converged mesh with modified r-method

Fig. 14 Initial and two converged weshes of a cracked
plate
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(a)r initial mesh

(c) Modified r-method

(b) r-method

Fig. 15 Zienkiewicz-Zhu’s error distributions of 3 kinds
of meshes for the cracked plate

illustrates that these two r-methods can be used to
improve finite element solutions. In the initial
mesh, the value of the stress concentration factor
at the hole is quite different with the exact value
3, but, by applying r-methods suggested in this
paper, the accuracy of a solution may be greatly
improved. As given in Table 2, much fewer itera-
tion numbers and less CPU time are required in
the modified r-method than in the existing r
-method. Although the average deviation is
slightly larger in the modified r-method than in
the existing r-method, the quality of the finite
element solution and the characteristics of discret-

ization in the modified r-method are nearly the

5
N
&N
- SNV
\\ R /“/ v
o e
s
'
~ e

(b) Initial mesh

(a) Model of a gear tooth

(¢) Converged mesh with (d) Converged mesh with
r-method modified r-method

Fig. 16 Initial and two converged meshes of a gear tooth
(r/t=2)

(b) r-method (c) Modified r-method

Fig. 17 Zienkiewicz-Zhu’s error distributions of 3 kinds
of meshes for the gear tooth

Table 3 Numerical results of r- and modified r-methods for the L-shaped plate

Initial mesh

r-method Modified r-method
Iteration Number - 11 3
CPU Time (sec.) - 5.87 2.42
e 0.36 0.18 0.21

Table 4 Numerical results of r- and modified r-methods for the lug

Initial mesh r-method Modified r-method
Iteration Number - 12 4
CPU Time(sec.) - 30.70 12.85
de 0.65 0.42 0.48

S B

Table 5 Numerical results of r- and modified r-methods for the cracked plate

Initial mesh r-method Modified r-method
Iteration Number - 10 - »
CPU Time(sec.) - 8.62 3.84
d, l 0.87

0.80 0.82
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Table 6 Numerical results of r- and modified r-methods for the gear tooth

Initial mesh r-method J Modified r-method
Iteration Number ! 19 5
CPU Time (sec.) 30.65 10.98
ds 0.76 0.39 1 0.44

same as those in the existing r-method.

The results for various problems are illustrated
in Figs. 10~17 and Tables 3~6. From these, we
can conclude that the error norms in the initial
mesh can not only be reduced more effectively,
but a nearly optimum mesh can be obtained with
much less computation time (about 35~45% at
CPU time) by the modified r~method than by the

conventional r-method.
5. Conclusions

The size and distortion error estimates, separat-
ed from Zienkiewicz-Zhu’s error estimator, are
presented in this paper for 2D 4-node isopar-
ametric finite elements. These estimates can rea-
sonably evaluate the error due to the discretiza-
tion of the analysis domain, and can be easily
expanded to other types of 2D finite elements, i.
e., 8-node or 9-node isoparametric elements.

We can also improve the finite element solu-
tions using the conventional r-method with this
error estimator. However, there are some diffi-
culties in the application of this r-method to
practical problems because many iteration num-
bers are required. By modifying the r-method
with the distortion error proposed in this paper, it
is possible not only to reduce the number of
iteration efficiently, but also to obtain the near
-optimal mesh which is similar to the mesh

obtained from the existing r-method.
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